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With the aid of a method of displacement potentials, an efﬁcient and accurate analytical derivation of the
three-dimensional dynamic Green’s functions for a transversely isotropic multilayered half-space is pre-
sented. Constituted by proper algebraic factorizations, a set of generalized transmission–reﬂection matri-
ces and internal source ﬁelds that are free of any numerically unstable exponential terms are proposed
for effective computations of the potential solution. Three-dimensional point-load Green’s functions
for stresses and displacements are given, for the ﬁrst time, in the complex-plane line-integral represen-
tations. The present formulations and solutions are analytically in exact agreement with the existing
solutions given by Pak and Guzina (2002) for the isotropic case. For the numerical computation of the
integrals, a robust and effective methodology which gives the necessary account of the presence of sin-
gularities including branch points and poles on the path of integration is laid out. A comparison with the
existing numerical solutions for multilayered isotropic half-space is made to conﬁrm the accuracy of the
numerical solutions.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The early work of Stoneley (1949) revealed the fact that wave
propagation in a transversely isotropic medium gives rise to phe-
nomenawhich greatly differ from the casewhere themedium is iso-
tropic. Later, Synge (1957), Buchwald (1961) and Payton (1983)
studied the elastodynamic problems pertinent to the transversely
isotropic half-space under surface loadings. The approach, which
was introduced by Buchwald (1961), has been used, with small
changes, by Rajapakse and Wang (1993) and Shodja and Eskandari
(2007). Rajapakse and Wang (1993) tackled the dynamic Green’s
function problem for a transversely isotropic elastic
half-space subjected to interior time-harmonic loading. Shodja
and Eskandari (2007) derived the axisymmetric time-harmonic
response of a coated transversely isotropic half-space. While the is-
sue of completeness of their representationwas not addressed, they
were able to reduce the equations of motion by means of three po-
tential functions proposed by Buchwald (1961) to a set of two cou-
pled partial differential equations and one separated partial
differential equation. Rahimian et al. (2007) presented a new and
efﬁcient elastodynamic potential method for the determination of
the displacement and stress ﬁelds in a transversely isotropic solid.ll rights reserved.
: +98 21 88078263.Employing this potential method, Khojasteh et al. (2008a) recently
studied the dynamic response of a transversely isotropic elastic
half-space subjected to interior time-harmonic loading. But inmany
situations, waves originate and propagate inmedia having a layered
structure, where interfaces between dissimilarmaterials exist. Seis-
mic waves in a layered earth are an example, and important appli-
cations in structures also exist, such as waves in composite
laminates. Also wave propagation in a three-dimensional horizon-
tally multilayered solid of semi-inﬁnite extent due to arbitrary
internal sources is a subject of fundamental interest in applied
mechanics and civil engineering because of its relevance to dynamic
soil-structure interaction, geotechnical earthquake engineering,
foundation vibration, seismology, and geophysical methods. For
this class of mathematical problems, a variety of approaches related
to isotropic materials have been presented. The reader is referred to
Pak and Guzina (2002) for an extensive list of work in this area. As
far as general solutions are concerned, however, the concept of
the propagator matrix ﬁrst employed by Thomson (1950) and
Haskel (1953) is perhaps the most appealing. Pak and Guzina
(2002) obtained explicit and effective expressions for the dynamic
Green’s functions for an isotropic multilayered half-space. To date,
there are not many papers devoted to the problems of wave propa-
gation and dynamic Green’s functions of transversely isotropic and
anisotropic layered media. Yang et al. (2004) studied three-dimen-
sional Green’s function for an anisotropic bi-material full-space, and
Fig. 1. Branch cuts for k1, k2, and k3.
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to the time-harmonic loadings is very complex and presented only
the solution for the steady state case under moving load with
velocity v. Khojasteh et al. (2008b,c) recently presented three-
dimensional dynamic Green’s functions in a transversely isotropic
bi-material full-space and half-space.
In this paper, we describe an efﬁcient and robust approach for
accurate calculation of the three-dimensional dynamic Green’s
functions in multilayered transversely isotropic media. By virtue
of a method of displacement potentials (Rahimian et al., 2007), it
will be shown that the complex three-dimensional wave propaga-
tion solution can be derived elegantly without cumbersome
manipulations. Through proper factorizations, a set of generalized
transmission–reﬂection matrices and internal source ﬁelds that are
free of any numerically unstable exponential terms are formulated
for an effective computation of the potential solution. The com-
plete set of point-load Green’s functions of displacements and
stresses are given in complex-plane line-integral representations.
For the numerical evaluation of the line integrals, a numerical
scheme which gives the necessary account of the presence of
singularities including branch points and poles on the path of inte-
gration is implemented. The formulation and numerical imple-
mentation are examined and veriﬁed by a comparison of their
degenerate forms to the isotropic material case.
2. Governing equations in displacement potentials
The equations of time-harmonic motion for a homogeneous
transversely isotropic elastic solid in terms of displacements and
in the absence of body forces can be expressed as (Lekhnitskii,
1963)
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in a cylindrical coordinate system (r,h,z), where z-axis = axis of
symmetry of the solid; ur, uh, and uz = displacement components
in the r, h, and z directions, respectively. q = mass density of the so-
lid; ckl = elasticity constants of the solid;x = circular frequency; and
the time factor eixt is suppressed. In order to uncouple Eq. (1) a set
of complete potential functions F and v is used. These two potential
functions, F and v, are related to displacement components, ur, uh,
and uz as
urðr; h; zÞ ¼ a3 @
2Fðr; h; zÞ
@r@z
 1
r
@vðr; h; zÞ
@h
;
uhðr; h; zÞ ¼ a3 1r
@2Fðr; h; zÞ
@h@z
þ @vðr; h; zÞ
@r
;uzðr; h; zÞ ¼ ð1þ a1Þr2rh þ a2
@2
@z2
þ qx
2
c66
" #
Fðr; h; zÞ; ð2Þ
where
r2rh ¼
@2
@r2
þ 1
r
@
@r
þ 1
r2
@2
@h2
ð3Þ
and
a1 ¼ c12 þ c66c66 ; a2 ¼
c44
c66
; a3 ¼ c13 þ c44c66 : ð4Þ
Substituting (2) into (1) results in two decoupled partial differ-
ential equations (PDEs) for potential functions F and v, see (Rahi-
mian et al., 2007). Employing Fourier expansion with respect to
the angular coordinate h, and Hankel transform with respect to
the radial coordinate r, as introduced by Khojasteh et al. (2008a),
one can write the general solution of transformed potential func-
tions as
~Fmmðn; zÞ ¼ A1mðnÞek1z þ B1mðnÞek1z þ A2mðnÞek2z þ B2mðnÞek2z; ð5Þ
~vmmðn; zÞ ¼ A3mðnÞek3z þ B3mðnÞek3z; ð6Þ
where
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and the material dependent constants a, . . .,e, and si(i = 0,1,2) are
expressed in Appendix A. Here, the tilde sign with the superscript
m over a quantity indicates its mth order Hankel transform; the
subscript m is utilized for the mth term of its Fourier expansion;
and n is the Hankel transform parameter. Aqm ; Bqm are constants of
integration to be determined from interfacial, boundary, and radia-
tion conditions where appropriate. As can be seen from Eq. (7), kk
are aliquant roots and under this assumption, the general solutions
in Eqs. (5) and (6) are valid. It is worth mentioning that basically the
proposition of a wave representation is provided by relations in Eqs.
(5) and (6). The radicals k1, k2, and k3 are made single-valued by
specifying the branch cuts emanating from the branch points
nk1 ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c11
p
; nk2 ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c44
p
and nk3 ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c66
p
on the
complex n-plane (see Fig. 1) such that the real parts of k1, k2, and
k3 are always non-negative.
For a transversely isotropic solid, there will be in general three
kinds of body waves. The wave numbers pertinent to these waves
are associated with the above three branch points at nki ði ¼ 1;2;3Þ,
where nk1 ¼ kP  x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c11
p
; nk2 ¼ kSV  x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c44
p
, and nk3 ¼ kSH 
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=c66
p
correspond to P, SV, and SH waves, respectively. As can
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with a different velocity from that of SV (Stoneley, 1949). For the
case of an isotropic solid these branch points reduce to nk1 ¼ kP 
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q=ðkþ 2lÞp , and nk2 ¼ nk3 ¼ kS  x ﬃﬃﬃﬃﬃﬃﬃﬃﬃq=lp , where k and l = Lame
constants; kP and kS = compressional and shear wave numbers,
respectively (e.g., Pak, 1987; Pak and Guzina, 2002). By means of
Eq. (2) and the identities involving Hankel transforms, the trans-
formed displacement-potential and stress-potential relations may
be expressed compactly as presented by Khojasteh et al. (2008a).
With the aid of Eqs. (5) and (6), and transformed displacement-
potential and stress-potential relations introduced by Khojasteh
et al. (2008a), the imposition of the loading, interfacial, boundary
and radiation conditions associated with the multilayered solid un-
der consideration is greatly facilitated, as will be illustrated in the
ensuing sections.
3. Statement of the problem
Fig. 2 depicts a homogeneous, transversely isotropic, elastic
half-space overlaid by n parallel layers of dissimilar solids. A cylin-
drical coordinate system is set at the surface in such a way that z-
axis is normal to the horizontal surface and it is the common axis
of symmetry of the medium. The jth layer whose domain is de-
noted by Ljðj ¼ 1;2; . . . ;nÞ is characterized by the material param-
eters qj; c
j
kl and thickness hj = zj  zj1 where zj1 and zj are the
depths of its upper and lower interfaces. The elasticity constants
and the mass density of the bottom half-space ðLnþ1Þ will be de-
noted as cnþ1kl and qn+1, respectively. Although the formulation in
the last section does not allow for body forces explicitly, the action
of an arbitrarily distributed source on the plane z = s located within
Llð1 6 l 6 nþ 1Þ (see Fig. 2) can be represented as a set of pre-
scribed stress discontinuities across the corresponding planar re-
gion, i.e. (Pak and Guzina, 2002)
szrðr; h; sÞ  szrðr; h; sþÞ ¼ Pðr; hÞ ¼
X1
m¼1
PmðrÞeimh;
szhðr; h; sÞ  szhðr; h; sþÞ ¼ Qðr; hÞ ¼
X1
m¼1
QmðrÞeimh;
szzðr; h; sÞ  szzðr; h; sþÞ ¼ Rðr; hÞ ¼
X1
m¼1
RmðrÞeimh;
ð8Þ
where zl1 < s < zl. To ﬁnd the solution in Ll that contains the exci-
tation source, it is convenient to view the domain Ll as being com-
posed of Region I {zl1 < z < s} and Region II {s < z < zl}. Owing to the
absence of body forces in both regions, one may express theFig. 2. Multilayered transversely isotropic half-space with internal distributed
source.solution in the context of the method of potentials through the
depth-dependent coefﬁcients
Alqm ðn; zÞ ¼ A
lðIIÞ
qm
ðnÞ þ Hðs zÞ AlðIÞqm ðnÞ  A
lðIIÞ
qm
ðnÞ
h i
;
Blqm ðn; zÞ ¼ B
lðIÞ
qm
ðnÞ þ Hðz sÞ BlðIIÞqm ðnÞ  B
lðIÞ
qm
ðnÞ
h i
; q ¼ 1;2;3:
ð9Þ
In the above, H denotes the Heaviside step function, while AlðIÞqm ;B
lðIÞ
qm
and AlðIIÞqm ; B
lðIIÞ
qm
are the integration constants for Region I and Region
II, respectively. For the rest of the layers, which are free of body-
force sources, the elastodynamic states can be characterized by
the corresponding integration coefﬁcients Ajqm ðnÞ and B
j
qm
ðnÞ, which
are independent of the z coordinate. For the general multilayered
half-space problem of interest, an exact solution therefore re-
quires the determination of 6(n + 2) depth-independent coefﬁ-
cients subject to the jump, interfacial, boundary, and radiation
conditions.
4. Problem decomposition
For analytical and numerical purposes, it is useful to introduce
for Ljðj ¼ 1  nþ 1Þ the dimensionless parameters
r ¼ k0r; z ¼ k0z; zj ¼ k0zj; s ¼ k0s; hj ¼ k0hj;
f ¼ n=k0; qj ¼ qj=q0; cjkl ¼ cjkl=c066; kqj ¼ kqj=k0;
ð10Þ
in which c066 and q0 = reference elastic constant and mass density,
respectively; k0 ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q0=c066
q
= reference wave number; and the
parameter znþ1 can be chosen arbitrarily for the bottom half-space
provided it is sufﬁciently large. In terms of these deﬁnitions, one
may recast the unknown integration coefﬁcients Ajqm and
Bjqm ðj ¼ 1  nþ 1; q ¼ 1  3Þ in dimensionless form as
ajqm ðf;zÞ  aj1qm ðfÞ þ djlHðs zÞaj2qm ðfÞ
¼ c066k30F1m Ajqm ðn;zÞe
kqj
zj ; q ¼ 1;2;
bjqm ðf;zÞ  b
j1
qm
ðfÞ þ djlHðz sÞbj2qm ðfÞ
¼ c066k30F1m Bjqm ðn;zÞe
kqj zj1 ; q ¼ 1;2;
aj3m ðf;zÞ  a
j1
3m ðfÞ þ djlHðs zÞa
j2
3m ðfÞ
¼ c066k20F1m Aj3m ðn;zÞe
k3j
zj ;
bj3m ðf;zÞ  b
j1
3m ðfÞ þ djlHðz sÞb
j2
3m ðfÞ
¼ c066k20F1m Bj3m ðn;zÞe
k3j zj1 ;
ð11Þ
where djl denotes the Kronecker delta and Fmðm ¼ 1;2; . . . ;1Þ are
some normalization constants with the dimension of force to be
speciﬁed later. It should be noted that the coefﬁcients ajqm and
bjqm ; q ¼ 1  3, are depth independent for j– l. Besides rendering
the associated propagation matrices ﬁnite and numerically stable
for large values of the transform parameter f, the inclusion of the
exponential terms such as e
kqj
zj and e
kqj
zj1 into the deﬁnitions of
these coefﬁcients permits an analytical formulation with more
transparent physical interpretation of the solution to be developed,
as will be illustrated later.
Motivated by the transformed displacement- and stress-poten-
tial formats introduced by Khojasteh et al. (2008a), it is convenient
to deﬁne an alternative set of dimensionless displacement and
stress variables for Lj as presented in Appendix B.
With the aid of Eqs. (5), (6) and (11), the foregoing equations
may be expressed in terms of the new potential coefﬁcients
ajqm ; b
j
qm
as
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ð12Þ
and
v j3m
rj23m
rj13m
8><>:
9>=>; ¼
if if
icj44fk3j icj44fk3j
cj66f2 cj66f2
264
375 bj3mek3j ðzzj1Þ
aj3me
k3j ðzzjÞ
8<:
9=;; ð13Þ
where
#qj ¼ a2jk2qj  f
2ð1þ a1j Þ2 þ qjk20=cj66; gqj ¼ a3jk2qj  #qj ;
mqj ¼ kqj cj13a3jf2 þ cj33 #qj
 
; jqj ¼ kqj cj11a3jf2 þ cj13 #qj
 
;
iqj ¼ kqj cj12a3jf2 þ cj13 #qj
 
; q ¼ 1;2:
ð14Þ
As in the equation systems of Pak and Guzina (2002), the new trans-
formed variables v1m ;v2m ;r21m ;r22m ;r33m ;r11m and the associated
coefﬁcients aj1m ; b
j
1m ; a
j
2m ; b
j
2m in Eq. (12) are uncoupled from those
in Eq. (13). This characteristic allows the boundary, interfacial,
and radiation conditions to be applied separately to the variables
in Eqs. (12) and (13), permitting the resulting 6(n + 2)  6(n + 2)
algebraic system to be split into a 4(n + 2)  4(n + 2) and a
2(n + 2)  2(n + 2) subsystem.
Prompted by the presence in Eq. (12) of k1j and k2j , which are
associated with the propagation of both P and SV waves through
the jth medium, one may consider the transformed variables
v1m ;v2m ;r21m ;r22m ;r33m ;r11m and the related potential coefﬁcients
as associated with PS waves. Likewise, from the deﬁnition of the
transformed variables v3m ;r23m , and r13m , it is evident that the
coefﬁcients aj3m and b
j
3m featuring in Eq. (13) are associated with
the uncoupled SH waves whose propagation is independent of
Eq. (12). In view of the foregoing categorizations of the coefﬁcients
and their relations to the potentials in Eqs. (5), (6) and (11), the dis-
placement potential Fj may be referred to as the PS potential, and
the potential vj as the SH potential for the jth layer. Furthermore,
it can be noted that, in combination with the implicit time factor
eixt, the exponential function e
k1j ðzzj1Þ represents a P wave
propagating through the jth layer in the downward or positive z
direction while the function e
k2j ðzzjÞ represents the upwardly prop-
agating SV wave in the jth layer. In view of these observations and
the expressions (12) and (13), the coefﬁcients bjqm can be inter-
preted as magnitudes of the downwardly propagating PS and SH
waves. Likewise, the coefﬁcients ajqm represent the magnitudes of
the corresponding waves propagating upward through the jth
medium. Based on the above explanations, it should be noted that
the displacement and stress in each layer can be indeed obtained
from the parameters ajqm and b
j
qm
of each layer. In the ensuing sec-
tions, it will be shown that the global problem can be solved from
applying continuity relations between different layers and also
boundary and radiation conditions.
5. Propagation of coupled primary and shear waves
To determine the solution for the unknown coefﬁcients ajqm and
bjqm ðj ¼ 1; . . . ;nþ 1; q ¼ 1;2Þ associated with the coupled PS waves,
one may appeal to the boundary, interfacial, and jump conditions.
Such requirements arer12qm ðf;z0; sÞ ¼ 0; q ¼ 1;2; ð15Þ
from the zero-surface-traction condition at z ¼ z0 ¼ 0
v jqm ðf;zj; sÞ ¼ v jþ1qm ðf;zj; sÞ;
rj2qm ðf;zj; sÞ ¼ r
jþ1
2qm
ðf;zj; sÞ; j ¼ 1; . . . ;n; q ¼ 1;2;
ð16Þ
from the continuity of displacements and tractions across all layer
interfaces, and
v lqm ðf;s; sÞ  v lqm ðf;sþ; sÞ ¼ 0; q ¼ 1;2;
rl21m ðf;s; sÞ  rl21m ðf;sþ; sÞ ¼ ðYm  XmÞ=2;
rl22m ðf;s; sÞ  rl22m ðf;sþ; sÞ ¼ Zm;
ð17Þ
from the jump condition across the internal loaded plane z ¼ s, with
XmðfÞ ¼ F1m ~Pm1m ðnÞ  i~Qm1m ðnÞ
h i
;
YmðfÞ ¼ F1m ~Pmþ1m ðnÞ þ i~Qmþ1m ðnÞ
h i
;
ZmðfÞ ¼ F1m ~RmmðnÞ
h i
;
ð18Þ
where Pm, Qm, and Rm are given by Eq. (8). For wave radiation prob-
lems, the displacement ﬁeld in the underlying half-space must also
satisfy the radiation conditions of
lim
z!1
vnþ1qm ðf;z; sÞ ¼ 0; q ¼ 1;2 ð19Þ
and have no incoming waves from inﬁnity. Expressions (15)–(19)
provide the 4(n + 2) equations required for the solution of the
4(n + 2) depth-independent coefﬁcients ajqm ; b
j
qm
for q = 1,2 and
1 6 (j– l) 6 n + 1, and al1qm ; b
l1
qm
; al2qm ; b
l2
qm
for q = 1,2 in the loaded
layer. By means of Eqs. (11) and (12), the jump conditions in Eq.
(17) yield
bl21m ðfÞ b
l2
2m ðfÞ
h iT
¼ Elðzl1  sÞsdm ;
al21m ðfÞ al22m ðfÞ
 T ¼ Elðs zlÞsum ; ð20Þ
where
EjðzÞ ¼ e
k1j z 0
0 e
k2j
z
" #
; j ¼ 1;2; . . . ;nþ 1 ð21Þ
and sdm ; sum are the source vectors whose matrix entries are given in
Appendix C. As can be seen from Appendix C, the source coefﬁcients
are cleared of any exponential terms which can create numerical
instability (e.g., Apsel and Luco, 1983) at large wave numbers.
To consummate an effective solution, it is convenient to employ
the boundary, continuity, and radiation conditions to express the
magnitudes of the waves transmitted through or reﬂected by each
interface as a function of the waves impinging onto that surface
from both the upward and downward directions. In that spirit, it
is useful to separate the unknown constants ajqm ; b
j
qm
ðq ¼ 1;2Þ and
the associated exponential functions in Eq. (12) into two vectors
as
wjdm ðf;zÞ ¼ Ejðz zj1Þ b
j
1m ðf;zÞ b
j
2m ðf;zÞ
h iT
;
wjum ðf;zÞ ¼ Ejðzj  zÞ aj1m ðf;zÞ a
j
2m ðf;zÞ
h iT
:
ð22Þ
for zj1 < z < zj; j ¼ 1; . . . ;nþ 1. In Eq. (22), wjdm represents the vec-
tor of downwardly propagating waves in the jth layer, while wjum
denotes the corresponding complementary upwardly propagating
components. With the foregoing notation, the free-surface condi-
tion (15) can be expressed by means of Eq. (12) as
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m11 m21
 
w1dm ðf;z0Þ ¼
g11 g21
m11 m21
 
w1um ðf;z0Þ: ð23Þ
The solution of Eq. (23) for downward-propagating wavesw1dm ðf;z0Þ
reﬂected from the free surface in terms of upward-incident waves
w1um ðf;z0Þ may be written in closed form as
w1dm ðf;z0Þ ¼ Ru0ðfÞw1um ðf;z0Þ; ð24Þ
where Ru0 is the 2  2 matrix of reﬂection coefﬁcients (see Appendix
E) for the upward-propagating waves (denoted by the superscript u)
impinging on the free surface (denoted by the subscript 0). Fig. 3
simply illustrates the physical interpretation of Eq. (24).
Similarly, one may use Eq. (12) and write the continuity condi-
tions (16) at the jth interface as
Q jþ1j ðfÞ
wjþ1dm ðf;zjÞ
wjum ðf;zjÞ
" #
¼ Q jjþ1ðfÞ
wjdm ðf;zjÞ
wjþ1um ðf;zjÞ
" #
; j ¼ 1; . . . ;n; ð25Þ
where hj is given by Eq. (10), and Q
p
qðfÞ is given in Appendix D.
Inverting the matrix on the left-hand side of Eq. (25) leads to the
expression
wjþ1dm ðf;zjÞ
wjum ðf;zjÞ
" #
¼
Tdj ðfÞ Ruj ðfÞ
Rdj ðfÞ Tuj ðfÞ
" #
wjdm ðf;zjÞ
wjþ1um ðf;zjÞ
" #
; j ¼ 1; . . . ;n: ð26Þ
In accordance with the physical context, the 2  2 matrices Ruj
and Rdj are termed the reﬂection matrices for PSwaves encroaching
on the jth interface from below (going upward) and above (going
downward), respectively, while the 2 2Tuj and Tdj denote the com-
plementary transmission matrices for the same surface of material
discontinuity. Their matrix entries are given in Appendix F. TheFig. 3. Schematic representation of the reﬂection matrix Ru0 corresponding to the
free surface of a multilayered transversely isotropic half-space.
Fig. 4. Schematic representation of the reﬂection ðRuj ;Rdj Þ and transmission ðTuj ;Tdj Þ mschematic representations of reﬂection ðRuj ;Rdj Þ and transmission
ðTuj ;Tdj Þ matrices corresponding to the jth interface of a multilay-
ered transversely isotropic half-space are shown in Fig. 4.
In accordance with the choice of branches in Fig. 1 and the def-
initions (12) and (22), the boundedness condition given by Eq. (19)
and the requirement that there are no incoming waves from inﬁn-
ity imply
wnþ1um ðf;znþ1Þ ¼ 0: ð27Þ
For further analysis, it is important to observe from Eqs. (11) and
(22) that for any j– l vectorswjdm andw
j
um ðf;zÞ at an arbitrary depth
zj1 < z < zj can be expressed simply as
wjdm ðf;zÞ ¼ Ejðz zj1Þw
j
dm
ðf;zj1Þ;
wjum ðf;zÞ ¼ Ejðzj  zÞwjum ðf;zjÞ;
ð28Þ
in terms of their values at the upper ðz ¼ zj1Þ and the lower ðz ¼ zjÞ
interface, respectively. As a result, expressions (24), (26) and (27)
may be used to relate the unknown coefﬁcients wjdm and w
j
um from
layer to layer if the layers do not contain the source. On the assump-
tion that the top layer does not contain the source, for example, the
free-surface condition (24) and the continuity condition (26) for the
ﬁrst interface (j = 1) can be rewritten using Eq. (28) as
w1dm ðf;z0Þ ¼ Ru0E1ðh1Þw1um ðf;z1Þ;
w1um ðf;z1Þ ¼ Rd1E1ðh1Þw1dm ðf;z0Þ þ Tu1w2um ðf;z1Þ;
ð29Þ
respectively. Upon introducing the auxiliary matrices
Rue0 ¼ Ru0E1ðh1Þ;
Tdej R
ue
j
Rdej T
ue
j
" #
¼
Tdj R
u
j
Rdj T
u
j
" #
EjðhjÞ 0
0 Ejþ1ðhjþ1Þ
" #
; j ¼ 1;2; . . . ;n; ð30Þ
whichcombine theeffectsofwavereﬂection/transmissionat the inter-
face and wave propagation through the layer, the solution to Eq. (29)
for the vectors in the top layer can be expressed in compact form as
w1um ðf;z1Þ ¼ ðI Rde1 Rue0 Þ
1Tu1
n o
w2um ðf;z1Þ  T^u1w2um ðf;z1Þ;
w1dm ðf;z0Þ ¼ Rue0 w1um ðf;z1Þ  R^ue0 w1um ðf;z1Þ;
ð31Þ
where I is the 2  2 identity matrix. If the second layer does not
contain the source either, the continuity conditions (26) with j = 1
and 2 can be combined with Eq. (31) to solve for w2um ðf;z2Þ and
w2dm ðf;z1Þ in terms of w3um ðf;z2Þ as
w2um ðf;z2Þ ¼ T^u2w3um ðf;z2Þ;
w2dm ðf;z1Þ ¼ R^ue1 w2um ðf;z2Þ;
ð32Þ
where T^u2ðfÞ and R^ue1 ðfÞ are 2  2 matrices. By virtue of Eqs. (28), (31)
and (32), one may express the waves in the top layer directly in
terms of w3um throughatrices for the jth interface of a multilayered transversely isotropic half-space.
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¼ E1ðz1  zÞT^ue1 T^u2w3um ðf;z2Þ;
w1dm ðf;zÞ ¼ E1ðz z0ÞR^ue0 w1um ðf;z1Þ;
where
T^dej R^
ue
j
R^dej T^
ue
j
" #
¼
T^dj R^
u
j
R^dj T^
u
j
" #
EjðhjÞ 0
0 Ejþ1ðhjþ1Þ
" #
; j ¼ 1;2; . . . ;n:
One can extend the foregoing derivation and ﬁnd that for all layers
above the source
wjum ðf;zÞ ¼ Ejðzj  zÞT^uej T^uejþ1    T^uel2T^ul1wlum ðf;zl1Þ;
wjdm ðf;zÞ ¼ Ejðz zj1ÞR^uej1wjum ðf;zjÞ; j ¼ 1; . . . ; l 1:
ð33Þ
Physically, the factorization (33) relates the upwardly and down-
wardly propagating waves in any layer above the source to the up-
wardly propagating ﬁeld in the lth medium containing the source.
In the above, T^uj and T^
d
j are commonly labeled as the generalized
transmission matrices, while R^uj and R^
d
j are called the generalized
reﬂection matrices. Substitution of Eq. (33) into Eqs. (24) and (26)
reveals that T^uj and R^
u
j satisfy the recurrence relations
R^u0 ¼ Ru0;
T^uj ¼ ðI Rdej R^uej1Þ1Tuj ; 1 6 j 6 l 1;
R^uj ¼ Ruj þ Tdej R^uej1T^uj ; 1 6 j 6 l 1
ð34Þ
as well as the equation
wldm ðf;zl1Þ ¼ R^ul1wlum ðf;zl1Þ: ð35Þ
In an analogous manner, the continuity conditions (26) and the
radiation conditions (27) can be combined to relate the upwardly
and downwardly propagating waves in any medium below the
source to the downwardly propagating ﬁeld in the lth layer through
the factorization
wjdm ðf;zÞ ¼ Ejðz zj1ÞT^dej1T^dej2    T^delþ1T^dl wldm ðf;zlÞ;
wjum ðf;zÞ ¼ Ejðzj  zÞR^djwjdm ðf;zjÞ; j ¼ lþ 1; . . . ;nþ 1;
ð36Þ
where
R^dnþ1 ¼ 0;
T^dj ¼ ðI Ruej R^dejþ1Þ1Tdj ; l 6 j 6 n;
R^dj ¼ Rdj þ Tuej R^dejþ1T^dj ; l 6 j 6 n
ð37Þ
and
wlum ðf;zlÞ ¼ R^dl wldm ðf;zlÞ: ð38Þ
The generalized transmission and reﬂection matrices R^uj and T^
u
j may
be understood as the matrices of the resultant reﬂection and trans-
mission coefﬁcients, respectively, for the upwardly propagating
waves in the (j + 1)th medium impinging on the jth (upper) inter-
face. Speciﬁcally, R^uj and T^
u
j include all multiple reﬂections, conver-
sions, and transmissions of waves in the layers above the jth
interface arising from the upwardly propagating wave wjum in the
jth layer impinging onto its upper interface. Likewise, R^dj and T^
d
j
are the matrices of generalized reﬂection and transmission coefﬁ-
cients for the downwardly propagating waves wjdm in the jth med-
ium impinging onto its lower boundary. They include the effects
of all multiple reﬂections, conversions, and transmissions of the
waves in the layers below the jth interface caused by wjdm .
The factorization given by Eqs. (33) and (36) provides the means
to determine the ﬁeld within each layer above or below the source
once the solution for the loaded lth medium is known. By means ofEqs. (11), (20) and (22), the ﬁeld in the medium containing the
source can be expressed as
wldm ðf;zÞ ¼ Elðz zl1Þ b
l1
1m ðfÞ b
l1
2m ðfÞ
h iT
þ Hðz sÞElðz sÞsdm ðfÞ;
wlum ðf;zÞ ¼ Elðzl  zÞ al11m ðfÞ al12m ðfÞ
 T þ Hðs zÞElðs zÞsum ðfÞ:
ð39Þ
Upon substituting Eq. (39) into Eqs. (35) and (38) and solving for the
unknown coefﬁcients bl11m ; b
l1
2m ; a
l1
1m , and a
l1
2m , the solution for the lth
medium can be written explicitly as
wldm ðf;zÞ ¼ Elðz zl1ÞðI R^uel1R^del Þ
1 R^ul1Elðs zl1Þslum
h
þR^uel1R^dl Elðzl  sÞsldm
i
þ Hðz sÞElðz sÞsdm ;
wlum ðf;zÞ ¼ Elðzl  zÞðI R^del R^uel1Þ
1 R^dl Elðzl  sÞsldm
h
þR^del R^ul1Elðs zl1Þslum
i
þ Hðs zÞElðs zÞslum :
ð40Þ
Expressions (33), (34), (36) and (37) in combination with Eq. (40)
provide the complete description of the transformed ﬁeld associated
with theP  SVwaves.Once the transformedstress anddisplacement
components are determined, the actual medium response can be
established by means of the Hankel inversion theorem. One should
note that all the exponential functions involved in the present formu-
lation, regardless of source-receiver locations, contain only nonposi-
tive exponents, which are critical for numerical stability. Finally, it
should also be mentioned that the dispersion relations for the verti-
cally polarized waves in the layered medium of interest can be
obtained by solving the equation detðI R^dl R^ul1Þ ¼ 0 whose roots
are the wave numbers corresponding to different wave modes char-
acteristic of the given layered medium, including body waves and
Rayleigh and Stoneley waves.
6. Propagation of uncoupled shear waves
In this section, the coefﬁcients aj3m and b
j
3mðj ¼ 1; . . . ;nþ 1Þ in
Eq. (13) associated with the uncoupled shear (SH) waves will be
determined from the boundary, interfacial, jump, and radiation
conditions. Analogous to the approach for coupled PS waves, one
may write
r123m ðf;z0; sÞ ¼ 0; ð41Þ
for the zero-surface-traction condition,
v j3m ðf;zj; sÞ ¼ v
jþ1
3m ðf;zj; sÞ;
rj23m ðf;zj; sÞ ¼ r
jþ1
23m ðf;zj; sÞ; j ¼ 1; . . . ;n;
ð42Þ
for the continuity of displacements and tractions across the layer
interfaces, and, in accordance with Eq. (8),
v l3m ðf;s; sÞ  v l3m ðf;sþ; sÞ ¼ 0;
rl23m ðf;s; sÞ  rl23m ðf;sþ; sÞ ¼ ðXm þ YmÞ=2;
ð43Þ
for the jump condition across the loaded plane z ¼ s, where Xm and
Ym are given by Eq. (18). In addition to the foregoing requirements,
the displacement ﬁeld in the underlying half-space must also satisfy
the radiation conditions, which requires that
lim
z!1
vnþ13m ðf;z; sÞ ¼ 0 ð44Þ
and that there are no upwardly propagating waves in Lnþ1 in a radi-
ation problem. Eqs. (41)–(44) provide the 2(n + 2) equations required
for the solution of the 2(n + 2) depth-independent coefﬁcients
aj3m ; b
j
3m ;1 6 ðj– lÞ 6 nþ 1, and al13m ; b
l1
3m ; a
l2
3m ; b
l2
3m . By means of Eqs.
(11) and (13), the jump conditions (43) imply
Fig. 5. Vertical and horizontal point-load conﬁgurations.
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where
EjðzÞ ¼ e
k3j
z
; j ¼ 1;2; . . . ;nþ 1 ð46Þ
and the source coefﬁcients are given by
slum ðfÞ ¼ sldm ðfÞ ¼
i
4cl44fk3l
ðXm þ YmÞ: ð47Þ
Analogous to the deﬁnition of wjdm and w
j
um in Eq. (22), one may
deﬁne
wjdm ðf;zÞ ¼ Ejðz zj1Þb
j
3m ðf;zÞ;
wjum ðf;zÞ ¼ Ejðzj  zÞaj3m ðf;zÞ; j ¼ 1; . . . ; nþ 1
ð48Þ
as the coefﬁcients of downwardly and upwardly propagating SH
waves in the jth medium, respectively. With reference to Eq. (13)
and the deﬁnitions in Eq. (48), the free-surface condition (41) can
be expressed as
w1dm ðf;z0Þ ¼ Ru0ðfÞw1um ðf;zÞ; ð49Þ
where
Ru0ðfÞ ¼ 1 ð50Þ
is the reﬂection coefﬁcient for the upwardly propagating SH waves
impinging on the free surface of the uppermost layer. Likewise, the
continuity conditions (42) may be rearranged into
wjþ1dm ðf;zjÞ
wjum ðf;zjÞ
" #
¼ T
d
j ðfÞ Ruj ðfÞ
Rdj ðfÞ T uj ðfÞ
" #
wjdm ðf;zjÞ
wjþ1um ðf;zjÞ
" #
; j ¼ 1; . . . ;n;
ð51Þ
while the no-incoming-wave condition becomes
wnþ1um ðf;znþ1Þ ¼ 0: ð52Þ
In the above, the reﬂection coefﬁcients Rdj ;Ruj and the transmission
coefﬁcients T dj ; T uj for the uncoupled shear waves encroaching on
the jth interface are given in Appendix G. One may also observe that
the forms of Eqs. (49), (51) and (52) are identical to those of Eqs.
(24), (26) and (27) for PS waves, except that all the unknown quan-
tities are scalars at present. As a result, the reﬂection and transmis-
sion coefﬁcients can be factorized in a manner analogous to that
used for Eqs. (33), (36) and (40) for the description of the ﬁeld asso-
ciated with the SH waves. In particular, one may write
wjum ðf;zÞ ¼ Ejðzj  zÞT^ uej T^ uejþ1    T^ uel2T^ ul1wlum ðf;zl1Þ;
wjdm ðf;zÞ ¼ Ejðz zj1ÞR^uej1wjum ðf;zjÞ; j ¼ 1; . . . ; l 1;
ð53Þ
for the layers above the source
wjdm ðf;zÞ ¼ Ejðz zj1ÞT^ dej1T^ dej2    T^ delþ1T^ dl wldm ðf;zlÞ;
wjum ðf;zÞ ¼ Ejðzj  zÞR^dj wjdm ðf;zjÞ; j ¼ lþ 1; . . . ;nþ 1;
ð54Þ
for the layers below the source, and
wldm ðf;zÞ ¼ Elðz zl1Þ 1 R^uel1R^del
 1
R^ul1Elðs zl1Þslum
h
þR^uel1R^dl Elðzl  sÞsldm
i
þ Hðz sÞE lðz sÞsldm ;
wlum ðf;zÞ ¼ Elðzl  zÞ 1 R^del R^uel1
	 
1 R^dl Elðzl  sÞsldm
þR^del R^ul1Elðs zl1Þslum
þ Hðs zÞE lðs zÞslum ;
ð55Þ
for the loaded layer. In Eqs. (53)–(55)T^ dej R^uej
R^dej T^ uej
" #
¼
T^ dj R^uj
R^dj T^ uj
" #
EjðhjÞ 0
0 Ejþ1ðhjþ1Þ;
" #
; j ¼ 1;2; . . . ;n
ð56Þ
with the generalized reﬂection and transmission coefﬁcients
R^dj ; R^uj ; T^ dj , and T^ uj deﬁned by the recurrence relations
R^u0 ¼ Ru0; T^ uj ¼ 1Rdej R^uej1
 1
T uj ;
R^uj ¼ Ruj þ T dej R^uej1T^ uj ; 1 6 j 6 l 1;
ð57Þ
for the upper layers, and by
R^dnþ1 ¼ 0; T^ dj ¼ 1Ruej R^dejþ1
 1
T dj ;
R^dj ¼ Rdj þ T uej R^dejþ1T^ dj ; l 6 j 6 n;
ð58Þ
for the lower layers relative to the source plane. In the above
T dej Ruej
Rdej T uej
" #
¼ T
d
j Ruj
Rdj T uj
" #
EjðhjÞ 0
0 Ejþ1ðhjþ1Þ
" #
; j ¼ 1;2; . . . ;n:
ð59Þ
Similar to the observation in the preceding section, the roots of
the expression 1 R^dl R^ul1
	 
 ¼ 0 correspond to the wave numbers
associated with generalized Love waves in the multilayered
medium.7. Green’s functions
In the preceding section, the general solution has been formu-
lated for an arbitrary source distributed on the plane z = s. In this
section Green’s functions associated with the case of point-load
which is useful for integral formulations of boundary value prob-
lems are considered. To obtain the point-load Green’s functions,
one may deﬁne the traction source distributions as (e.g., see Pak
and Guzina, 2002)
fhðr; h; zÞ ¼ F h dðrÞ2pr dðz sÞeh;
fvðr; h; zÞ ¼ F v dðrÞ2pr dðz sÞez;
ð60Þ
with the harmonic time factor eixt omitted for brevity. In Eq. (60),
d = one-dimensional Dirac delta function; eh = unit horizontal vec-
tor in the h = h0 direction given by
eh ¼ er cosðh h0Þ  eh sinðh h0Þ ð61Þ
(see also Fig. 5); er, eh, and ez = unit vectors in the radial, angular,
and vertical directions, respectively; and F h and F v = point-load
magnitudes. By virtue of the angular expansions of the stress
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angular eigenfunctions feimhg1m¼1, one ﬁnds
P1ðrÞ ¼ F heih0 dðrÞ4pr ; PmðrÞ ¼ 0; m–  1;
Q1ðrÞ ¼ iF heih0
dðrÞ
4pr
; QmðrÞ ¼ 0; m –  1;
R0ðrÞ ¼ F v dðrÞ2pr ; RmðrÞ ¼ 0; m – 0;
ð62Þ
for the point-loads given in Eq. (60). With the speciﬁcation of the
auxiliary normalization constants Fm in Eqs. (11) and (18) as
F 0 ¼ F v ;F1 ¼ F h, and Fm ¼ 0; jmj > 1, the loading coefﬁcients
Xm;Ym, and Zm corresponding to Eq. (62) can be expressed as
X1ðnÞ ¼ 12p e
ih0 ; XmðnÞ ¼ 0; m – 1;
Y1ðnÞ ¼ 12p e
ih0 ; XmðnÞ ¼ 0; m –  1;
Z0ðnÞ ¼ 12p ; ZmðnÞ ¼ 0; m – 0;
ð63Þ
which, in turn, deﬁnes the source terms Eqs. (24) and (47).
Upon the determination of the 6(n + 2) unknown coefﬁcients for
the multilayered half-space as described in Sections 5 and 6, the
transformed Fourier components of the displacement and stress
ﬁelds at any point can be determined by means of the relations
(12) and (13). With the aid of the Hankel inversion theorem, and
the deﬁnitions of dimensionless displacement and stress relations
as presented in Appendix B, the displacement and stress response
of the jth medium (j = 1, . . . ,n + 1) due to the action of the point
load (60) can be shown to admit the integral representations
u^	r ðr; h; z;x; s; jÞ ¼
k0
2c066
X1
m¼1
Fm
Z 1
0
v j3m þ v
j
1m
 
fJmþ1ðrfÞdf

þ
Z 1
0
v j3m  v
j
1m
 
fJm1ðrfÞdf

eimh;
u^	hðr; h; z;x; s; jÞ ¼
ik0
2c066
X1
m¼1
Fm
Z 1
0
v j3m þ v
j
1m
 
fJmþ1ðrfÞdf


Z 1
0
v j3m  v
j
1m
 
fJm1ðrfÞdf

eimh; ð64Þ
u^	zðr; h; z;x; s; jÞ ¼
k0
c066
X1
m¼1
Fm
Z 1
0
v j2m
 
fJmðrfÞdf
 
eimh;
s^	zzðr; h; z;x; s; jÞ ¼ k20
X1
m¼1
Fm
Z 1
0
rj22m
 
fJmðrfÞdf
 
eimh;
s^	zrðr; h; z;x; s; jÞ ¼
k20
2
X1
m¼1
Fm
Z 1
0
rj23m þ r
j
21m
 
fJmþ1ðrfÞdf

þ
Z 1
0
rj23m  r
j
21m
 
fJm1ðrfÞdf

eimh;
s^	zhðr; h; z;x; s; jÞ ¼
ik20
2
X1
m¼1
Fm
Z 1
0
rj23m þ r
j
21m
 
fJmþ1ðrfÞdf


Z 1
0
rj23m  r
j
21m
 
fJm1ðrfÞdf

eimh; ð65Þ
s^	rrðr; h; z;x; s; jÞ þ
2c066k0c
j
66
r
X1
m¼1
u^	rm þ imu^	hm
 
eimh
¼ k20
X1
m¼1
Fm
Z 1
0
rj11m
 
fJmðrfÞdf
 
eimh;s^	hhðr; h; z;x; s; jÞ 
2c066k0c
j
66
r
X1
m¼1
u^	rm þ imu^	hm
 
eimh
¼ k20
X1
m¼1
Fm
Z 1
0
rj33m
 
fJmðrfÞdf
 
eimh;
s^	rhðr; h; z;x; s; jÞ þ
2c066k0c
j
66
r
X1
m¼1
u^	rm  imu^	hm
 
eimh
¼ k20
X1
m¼1
Fm
Z 1
0
rj13m
 
fJmðrfÞdf
 
eimh:
In the above, the symbols ‘‘u^	i ’’ and ‘‘s^	ik’’ (i,k = r,h,z) denote, respec-
tively, the displacement and stress Green’s functions, with the
superscript ‘‘⁄’’ denoting the direction of the point load upon appro-
priate speciﬁcations of F h;F v , and h0 in Eq. (60).
8. Numerical results and discussion
As indicated in Eqs. (64) and (65), the displacement and stress
Green’s functions are expressed in terms of semi-inﬁnite, com-
plex-plane line-integral representations. As the integrations gener-
ally cannot be carried out in exact closed forms, a numerical
quadrature technique usually has to be adopted in such evalua-
tions (see e.g., Apsel and Luco, 1983; Pak, 1987; Pak and Guzina,
2002; Rajapakse and Wang, 1993; Rahimian et al., 2007). In order
to evaluate integrals accurately, it is very important to pay atten-
tion to the oscillatory and singular nature of the integrands. For
this reason, the numerical integration schemes such as trapezoidal
and Simpson rules which use equal intervals are inefﬁcient. In the
present work an adaptive quadrature rule demonstrated in Rahi-
mian et al. (2007) has been incorporated and used successfully.
For numerical evaluation of integrals given in Eqs. (64) and (65),
however, some special considerations are needed due to the pres-
ence of singularities within the range of integration including
branch points and poles. As indicated in Ewing et al. (1957) and
done by Lamb (1904), one may evaluate the line integrals in Eqs.
(64) and (65) with the aid of the method of residue. As stated be-
fore, the integrands have simple poles at fp corresponding to Ray-
leigh, Stoneley, and Love wave numbers, respectively. While the
poles corresponding to Rayleigh and Stoneley wave numbers are
obtained by solving the equation detðI R^dl R^ul1Þ ¼ 0, the poles cor-
responding to Love wave numbers can be obtained by setting
1 R^dl R^ul1
	 
 ¼ 0. Unlike the Rayleigh wave, which always exists,
Stoneley and Love waves may or may not exist. The complete dis-
cussion on the conditions for Stoneley and Love waves to exist can
be found in Barnett et al. (1985), Barnett (2000), and Kuznetsov
(2006). Once the locations of the singular points are determined,
the path of integration should be deformed by semi-circles of ra-
dius e around them (see Fig. 6).
While the kernel of the inversion integral is weakly singular at
the branch points, it is strongly singular at the poles. Thus the inte-
gral over the limiting small semi-circles at the poles should be
evaluated using the residual theory of integration (e.g., Churchill
and Brown, 1990). Since the poles at fp are interior singular points
of the ﬁrst order, the integrands may be written in the form of
qðfÞ=detðI R^dl R^ul1Þ and qðfÞ=ð1 R^dl R^ul1Þ, where q(f) is analytic
at fp. Therefore the integral over the limiting small semi-circles
at the poles is equal to piRes(fp), where ResðfpÞ ¼ limf!fp
½qðfÞ=ðddetðI R^dl R^ul1Þ=dfÞ
 for Rayleigh and Stoneley waves and
ResðfpÞ ¼ limf!fp ½qðfÞ=dð1 R^dl R^ul1Þ=dfÞ
 for Love waves. In order
to validate the present solutions and their accuracy, numerical
solutions presented by Pak and Guzina (2002) for u^rr due to a
time-harmonic horizontal point load applied in the interior of a
multilayered isotropic half-space with conﬁguration shown in
Fig. 6. Path of integration for Green’s functions.
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rial, the following relations between the material constants are
valid
c11 ¼ c33 ¼ kþ 2l; c12 ¼ c13 ¼ k; c44 ¼ c66 ¼ l: ð66Þ
As indicated in Fig. 8, there is excellent agreement between the
two solutions. It is worth mentioning that the method presented
here is capable of analyzing propagation of Rayleigh wave in a
half-space, or Love wave propagating in a layer in contact with
half-space. The present multi-layered problem can be degenerated
to the isotropic half-space solutions presented by Pak (1987) upon
setting the material properties of all layers exactly the same and
further setting the transversely isotropic material properties equalFig. 7. Four-layered isotropic half-space with horizontal point source.
-0.10
-0.05
0.00
0.05
0.10
0.15
0.20
0 1 2 3 4 5
Fig. 8. Comparison of the displacement Green’s function u^rr of four-layered isotropic
half-space.to isotropic case in accordance with Eq. (66). Also the reduced
transversely isotropic case is exactly the half-space problem inves-
tigated in Rahimian et al. (2007). In this case the root of the corre-
sponding determinant is associated with the Rayleigh wave in the
half-space. Also the present multi-layered problem results can be
reduced exactly to the results presented in Khojasteh et al.
(2008c) for a two-layered transversely isotropic half-space by set-
ting the material properties of the ﬁnite layers the same and also
different from the half-space. Further reducing the transversely
isotropic properties to isotropic case, the problem investigates
the propagation of Love waves in a two-layered isotropic half-
space. It is worth mentioning that all of the other degenerations
can be obtained from the multilayered half-space problem.
To glance theGreen’s functions graphically, amultilayered trans-
versely isotropic half-space shown in Fig. 9 is considered. For all
numerical results, the point source is applied at point A(0, h, 4h) as
shown in Fig. 9.
The material properties are given in Table 1, where E and
E0 = Young’s moduli in the plane of transverse isotropy and in the
direction normal to it, respectively; m and m0 = Poisson’s ratios char-
acterizing the lateral strain response in the plane of transverse
isotropy to a stress acting parallel and normal to it, respectively;
G0 = shear modulus in planes normal to the plane of transverse isot-
ropy and G = shear modulus in the plane normal to the axis of sym-
metry. From the material properties listed in Table 1, it is obvious
that layer 3 is isotropic and others are transversely isotropic. For
each transversely isotropic material considered here, there is only
a slight discrepancy between its Young’s moduli E and E0, i.e. at
most 25%.
Upon converting to the elasticity moduli ckl, the pertinent elas-
tic constants ckl can be obtained as those given in Table 1 (see Rahi-
mian et al., 2007). In deﬁning these materials, the positive
deﬁniteness of strain energy that observe the following constraints
for material constants cij have been checked (Payton, 1983)
c11 > jc12j; ðc11 þ c12Þc33 > 2c213; c44 > 0: ð67Þ
The displacement point-load Green’s functions u^rr and u^
z
z for
k0h = 0.5, 2, and 4 along the z-axis are delineated in Figs. 10 and
11, respectively. Moreover, Figs. 12 and 13 show the stress point-
load Green’s functions s^rrz and s^zzz for k0h = 0.5, 2, and 4 along the
z-axis, respectively.
While the imaginary parts of Green’s functions are continuous
across the loaded plane, their real parts are singular at the loaded
plane. Both real and imaginary parts of Green’s functions tend to
zero with increasing depth. As frequency increases, both real and
imaginary parts show oscillatory variation with the depth.
In order to investigate the effects of anisotropy on the harmonic
response of a multilayered half-space, the isotropic model of the
four-layered transversely isotropic half-space shown in Fig. 9, is
considered.Fig. 9. Four-layered transversely isotropic half-space.
Table 1
Properties of transversely isotropic materials.
Engineering constantsa Elastic constants
q E E0 G G0 c11 c12 c13 c33 c44
Layer 1 1.0 2.5 3.0 1.0 1.0 2.94 0.94 0.97 3.48 1.00
Layer 2 1.1 3.0 4.0 1.2 1.4 3.49 1.09 1.14 4.57 1.40
Layer 3 1.3 5.0 5.0 2.0 2.0 6.00 2.00 2.00 6.00 2.00
Half-space 1.5 7.5 6.0 2.0 2.5 9.32 3.32 3.16 7.58 2.50
a For all materials: m = m0 = 0.25.
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Fig. 10. Real and imaginary parts of point-load displacement Green’s function u^rr for
four-layered transversely isotropic half-space with point source at (0,h,4h).
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Fig. 11. Real and imaginary parts of point-load displacement Green’s function u^zz for
four-layered transversely isotropic half-space with point source at (0,h,4h).
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Fig. 12. Real and imaginary parts of point-load stress Green’s function s^rrz for four-
layered transversely isotropic half-space with point source at (0,h,4h).
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Fig. 13. Real and imaginary parts of point-load stress Green’s function s^zzz for four-
layered transversely isotropic half-space with point source at (0,h,4h).
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E, and other material properties are identical to those of the trans-
versely isotropic model. Fig. 14 depicts the stress point-load
Green’s function s^zzz of both isotropic and transversely isotropic
four-layered half-spaces along the z-axis for k0h = 2. The effect of
anisotropy on the response of the four-layered half-space is quite
obvious. In both ﬁrst and second layers, the real part corresponding
to the isotropic model increases at least 50% in comparison with
the response of transversely isotropic half-space, whereas, the
imaginary part has almost a uniform decrease of 30%. It is worth
mentioning that the existing discrepancies between E and E0 corre-
sponding to each layer is less than 25%, i.e. 17% for the ﬁrst layer,
and 25% for the second. It is interesting to note that in the third
layer which has isotropic behavior in both models, the imaginary
part of isotropic model decreases about 30%, while the change in
real part is less than 10%. Therefore, from this simple example, itcan be inferred that the effects of anisotropy on the response of
multilayered half-spaces are considerable. Since the comprehen-
sive study on the effects of layering and anisotropy in multilayered
media needs much more numerical results and examples, it is be-
yond the scope of the present communication, and it will be dis-
cussed in future works.9. Conclusion
Three-dimensional dynamic Green’s functions for a multilay-
ered transversely isotropic elastic half-space is derived by means
of integral transforms and the method of displacement poten-
tials. They are expressed in the form of explicit line-integral
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Fig. 14. Real and imaginary parts of point-load stress Green’s function s^zzz for both
four-layered transversely isotropic (TI) and isotropic half-spaces with point source
at (0,h,4h).
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cient boundary element formulations of the related elastody-
namic problems. Constituted by proper algebraic factorizations,
a set of generalized transmission–reﬂection matrices and internal
source ﬁelds that are free of any numerically unstable exponen-
tial terms are proposed for computational implementation. To
conﬁrm the accuracy of the present Green’s functions a compar-
ison with the existing numerical solution for the isotropic
material case is made.Appendix A. Constants
a ¼ 1
2
ðs21 þ s22Þ; b ¼ 
1
2
qx2
1
c33
þ 1
c44
 
; c ¼ ðs22  s21Þ2;
d ¼ 2qx2 1
c33
þ 1
c44
 
ðs21 þ s22Þ  2
c11
c33
1
c11
þ 1
c44
  
;
e ¼ q2x4 1
c33
 1
c44
 2
;
ðA:1Þ
where s0 ¼ 1= ﬃﬃﬃﬃﬃa2p ; and s1 and s2 = roots of following equation which
in view of the positive-deﬁniteness of the strain energy can be real
numbers other than zero, also they can be complex numbers. But,
they cannot be pure imaginary numbers (Lekhnitskii, 1963)
c33c44s4 þ c213 þ 2c13c44  c11c33
	 

s2 þ c11c44 ¼ 0: ðA:2ÞAppendix B. Alternative set of dimensionless displacement and
stress variables for Lj
v j1m ðf;z; sÞ ¼
c066k0
2Fm
~umþ1rm þ i~umþ1hm
	 
 ~um1rm  i~um1hm	 
 jv j2m ðf;z; sÞ
¼ c
0
66k0
Fm
~umzm
 j
;
v j3m ðf;z; sÞ ¼
c066k0
2Fm
~umþ1rm þ i~umþ1hm
	 
þ ~um1rm  i~um1hm	 
 j;
rj21m ðf;z; sÞ ¼
1
2Fm
~smþ1zrm þ i~smþ1zhm
	 
 ~sm1zrm  i~sm1zhm	 
 jrj22m ðf;z; sÞ
¼ 1Fm
~smzzm
 j
;rj23m ðf;z; sÞ ¼
1
2Fm
~smþ1zrm þ i~smþ1zhm
	 
þ ~sm1zrm  i~sm1zhm	 
 j;
rj11m ðf;z; sÞ ¼
1
Fm
~smrrm þ 2c066k0cj66
gurm
r
þ imuhm
r
 
m
 j
;
rj33m ðf;z; sÞ ¼
1
Fm
~smhhm  2c066k0cj66
gurm
r
þ imuhm
r
 
m
 j
;
rj13m ðf;z; sÞ ¼
1
Fm
~smrhm þ 2c066k0cj66
guhm
r
 imurm
r
 
m
 j
:Appendix C. Source vectors
slum ðfÞ ¼
1
2
#2l
a3l
cl44f
#1l
k22l
 #2l k
2
1l
  ðXmYmÞ
2 
k2l
m1l
k2l
m2l k1l
Zm
 #1l
a3l
cl44f
#1l
k22l
 #2l k
2
1l
  ðXmYmÞ
2 þ
k1l
m1l
k2lm2l k1l
Zm
266664
377775;
sldm ðfÞ ¼
1
2
 #2l
a3l
cl44f
#1l
k22l
 #2l k
2
1l
  ðXmYmÞ
2 
k2l
m1l
k2l
m2l k1l
Zm
#1l
a3l
cl44f
#1l
k22l
 #2l k
2
1l
  ðXmYmÞ
2 þ
k1l
m1l
k2l
m2l k1l
Zm
266664
377775:Appendix D. Matrix QpqðfÞ
Q pqðfÞ ¼
a3pk1p a3pk2p a3qk1q a3qk2q
 #1p  #2p #1q #2q
cp44g1p cp44g2p cq44g1q cq44g2q
m1p m2p m1q m2q
26664
37775:Appendix E. Reﬂection matrix of top layer for PS waves
Ru0ðfÞ ¼
1
I1 ðfÞ
g11m21 þ g21m11 2g21m21
2g11m11 g11m21 þ g21m11
 
;
I1 ðfÞ ¼ g11m21  g21m11 :
I1 ðfÞ = Rayleigh wave function corresponding to the free surface of
the uppermost layer.
Appendix F. Reﬂection and transmission matrices for PS waves
Tdj11 ¼
2
Sjjþ1
a3j c
jþ1
44
#1j g2jþ1  cj44 #2jþ1 g1j
 
m1jk2j  m2jk1j
 n
þcj44 a3jþ1m1jk2jþ1  a3jm2jþ1k1j
 
#1j g2j  #2j g1j
 o
;
Tdj12 ¼
2
Sjjþ1
a3j c
jþ1
44
#2j g2jþ1  cj44 #2jþ1 g2j
 
m1jk2j  m2jk1j
 n
þcj44 a3jþ1m2jk2jþ1  a3jm2jþ1k2j
 
#1j g2j  #2j g1j
 o
;
Tdj21 ¼
2
Sjjþ1
a3j c
jþ1
44
#1j g1jþ1  cj44 #1jþ1 g1j
 
m1jk2j  m2jk1j
 n
þcj44 a3jþ1m1jk1jþ1  a3jm1jþ1k1j
 
#1j g2j  #2j g1j
 o
;
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2
Sjjþ1
a3j c
jþ1
44
#2j g1jþ1  cj44 #1jþ1 g2j
 
m1jk2j  m2jk1j
 n
þcj44 a3jþ1m2jk1jþ1  a3jm1jþ1k2j
 
#1j g2j  #2j g1j
 o
;
Tuj11 ¼
2
Sjjþ1
a3jþ1 c
jþ1
44
#2j g1jþ1  cj44 #1jþ1 g2j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 n
þcjþ144 a3jþ1m2jk1jþ1  a3jm1jþ1k2j
 
#1jþ1 g2jþ1  #2jþ1 g1jþ1
 o
;
Tuj12 ¼
2
Sjjþ1
a3jþ1 c
jþ1
44
#2j g2jþ1  cj44 #2jþ1 g2j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 n
þcjþ144 a3jþ1m2jk2jþ1  a3jm2jþ1k2j
 
#1jþ1 g2jþ1  #2jþ1 g1jþ1
 o
;
Tuj21 ¼
2
Sjjþ1
a3jþ1 c
jþ1
44
#1j g1jþ1  cj44 #1jþ1 g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 n
þcjþ144 a3jþ1m1jk1jþ1  a3jm1jþ1k1j
 
#1jþ1 g2jþ1  #2jþ1 g1jþ1
 o
;
Tuj22 ¼
2
Sjjþ1
a3jþ1 c
jþ1
44
#1j g2jþ1  cj44 #2jþ1 g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 n
þcjþ144 a3jþ1m1jk2jþ1  a3jm2jþ1k1j
 
#1jþ1 g2jþ1  #2jþ1 g1jþ1
 o
;
Rdj11 ¼
1
Sjjþ1
a3jþ1 c
jþ1
44
#1jm2j þ #2jm1j
 
g1jþ1k2jþ1  g2jþ1k1jþ1
 hn
 cj44 g1jm2j þ g2jm1j
 
#1jþ1
k2jþ1  #2jþ1k1jþ1
 
þcj44 #1j g2j  #2j g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 i
þ a3j cj44 #1jþ1m2jþ1  #2jþ1m1jþ1
 
g1jk2j þ g2jk1j
 h
 cjþ144 g1jþ1m2jþ1  g2jþ1m1jþ1
 
#1j
k2j þ #2jk1j
 
cjþ144 #1jþ1 g2jþ1  #2jþ1 g1jþ1
 
m1jk2j  m2jk1j
 io
;
Rdj12 ¼
2
Sjjþ1
a3jþ1m2jk1jþ1  a3jm1jþ1k2j
 
cjþ144 #2j g2jþ1  cj44 #2jþ1 g2j
 n
 a3jþ1m2jk2jþ1  a3jm2jþ1k2j
 
cjþ144 #2j g1jþ1  cj44 #1jþ1 g2j
 o
;
Rdj21 ¼
2
Sjjþ1
a3jþ1m1jk2jþ1  a3jm2jþ1k1j
 
cjþ144 #1j g1jþ1  cj44 #1jþ1 g1j
 n
 a3jþ1m1jk1jþ1  a3jm1jþ1k1j
 
cjþ144 #1j g2jþ1  cj44 #2jþ1 g1j
 o
;
Rdj22 ¼
1
Sjjþ1
a3jþ1 c
jþ1
44
#1jm2j þ #2jm1j
 
g1jþ1k2jþ1  g2jþ1k1jþ1
 hn
 cj44 g1jm1j þ g2jm2j
 
#1jþ1
k2jþ1  #2jþ1k1jþ1
 
cj44 #1j g2j  #2j g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 i
þ a3j cj44 #1jþ1m2jþ1  #2jþ1m1jþ1
 
g1jk2j þ g2jk1j
 h
 cjþ144 g1jþ1m2jþ1  g2jþ1m1jþ1
 
#1j
k2j þ #2jk1j
 
þcjþ144 #1jþ1 g2jþ1  #2jþ1 g1jþ1
 
m1jk2j  m2jk1j
 io
;
Ruj11 ¼
1
Sjjþ1
a3jþ1 c
jþ1
44
#1jm2j  #2jm1j
 
g1jþ1k2jþ1 þ g2jþ1k1jþ1
 hn
þ cj44 g1jm2j  g2jm1j
 
#1jþ1
k2jþ1 þ #2jþ1k1jþ1
 
cj44 #1j g2j  #2j g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 i
þ a3j cj44 #1jþ1m2jþ1 þ #2jþ1m1jþ1
 
g1jk2j  g2jk1j
 h
 cjþ144 g1jþ1m2jþ1 þ g2jþ1m1jþ1
 
#1j
k2j  #2jk1j
 
þcjþ144 #1jþ1 g2jþ1  #2jþ1 g1jþ1
 
m1jk2j  m2jk1j
 io
;Ruj12 ¼
2
Sjjþ1
a3jþ1m1jk2jþ1  a3jm2jþ1k1j
 
cjþ144 #2j g2jþ1  cj44 #2jþ1 g2j
 n
 a3jþ1m2jk2jþ1  a3jm2jþ1k2j
 
cjþ144 #1j g2jþ1  cj44 #2jþ1 g1j
 o
;
Ruj21 ¼
2
Sjjþ1
a3jþ1m2jk1jþ1  a3jm1jþ1k2j
 
cjþ144 #1j g1jþ1  cj44 #1jþ1 g1j
 n
 a3jþ1m1jk1jþ1  a3jm1jþ1k1j
 
cjþ144 #2j g1jþ1  cj44 #1jþ1 g2j
 o
;
Ruj22 ¼
1
Sjjþ1
a3jþ1 cjþ144 #1jm2j  #2jm1j
 
g1jþ1k2jþ1 þ g2jþ1k1jþ1
 hn
þ cj44 g1jm2j  g2jm1j
 
#1jþ1
k2jþ1 þ #2jþ1k1jþ1
 
cj44 #1j g2j  #2j g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 i
þ a3j cj44 #1jþ1m2jþ1 þ #2jþ1m1jþ1
 
g1jk2j  g2jk1j
 h
þ cjþ144 g1jþ1m2jþ1 þ g2jþ1m1jþ1
 
#1j
k2j  #2jk1j
 
þcjþ144 #1jþ1 g2jþ1  #2jþ1 g1jþ1
 
m1jk2j  m2jk1j
 io
;
Sjjþ1 ¼ a3jþ1 cjþ144 #1jm2j  #2jm1j
 
g1jþ1k2jþ1  g2jþ1k1jþ1
 h
 cj44 g1jm2j  g2jm1j
 
#1jþ1
k2jþ1  #2jþ1k1jþ1
 
þcj44 #1j g2j  #2j g1j
 
m1jþ1k2jþ1  m2jþ1k1jþ1
 i
þ a3j cj44 #1jþ1m2jþ1  #2jþ1m1jþ1
 
g1jk2j  g2jk1j
 h
 cjþ144 g1jþ1m2jþ1  g2jþ1m1jþ1
 
#1j
k2j  #2jk1j
 
þcjþ144 #1jþ1 g2jþ1  #2jþ1 g1jþ1
 
m1jk2j  m2jk1j
 i
is the Stoneley wave function corresponding to the interface be-
tween the layers Lj and Ljþ1.
Appendix G. Reﬂection and transmission coefﬁcients for SH
wavesT dj ðfÞ ¼
2cj44k3j
cj44k3j þ cjþ144 k3jþ1
;
Rdj ðfÞ ¼
cj44k3j  cjþ144 k3jþ1
cj44k3j þ cjþ144 k3jþ1
;
Ruj ðfÞ ¼
cjþ144 k3jþ1  cj44k3j
cj44k3j þ cjþ144 k3jþ1
;
T uj ðfÞ ¼
2cjþ144 k3jþ1
cj44k3j þ cjþ144 k3jþ1
; j ¼ 1; . . . ;n:References
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